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This study was carried out to compare two growth models, namely
the negative exponential model and the Weibull model, to analyze
cumulative maternal mortality in the Red Sea State from 2017 to 2023.
These models were compared based on goodness-of-fit statistics. The
findings of this current study suggest that the Weibull model may be the
most appropriate for describing the accumulation of maternal mortality
in the Red Sea State. These models were evaluated using the goodness-
of-fit criteria (Radj2, F-test, AIC, BIC, and AICc). According to the current
study, the Weibull model is the best fitting model to characterize
cumulative maternal mortality in the Red Sea State, as it has the highest
Radj2 and the lowest BIC and AICc values. According to Weibull model
estimates, cumulative maternal mortality in the Red Sea State will
increase at a rate ranging from 17231.6 cases (95% P.1.:10904.4; 23559)
to 48453.5 cases (95% P.1.:37452.7; 134360) over the next four years
(2024-2025). The given fitting models and some measurements in this
study were implemented using the "Nonlinear Regression" tool available
in Minitab 18.1, using the nonlinear least squares method. Each model
parameter's starting value was obtained using the initial value conditions
and the simple linear regression equation.
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INTRODUCTION

The rate of mother mortality during pregnancy, birth,
and the postpartum period is an important gauge of any
nation's healthcare quality. "The total cessation of all signs
of life in a human being at any point following birth,"
the World Health Organization defines maternal death.
This term especially concerns postpartum or pregnancy-
related mother fatalities. Maternal mortality affects not
only individual mothers but also children, families, and
society, thus affecting quality of life, so impeding human,
economic, and social development, and so limiting
chances for growth and prosperity.

Maternal mortality continues to be a significant
issue worldwide, particularly in low-income and conflict-
affected regions. Research indicates that insufficient
healthcare infrastructure, absence of prenatal and
postnatal care, poverty, and social and cultural obstacles
greatly contribute to elevated maternal death rates. In
many developing nations, maternal mortality is increased
when people put off getting medical help, obtaining
healthcare services, and getting the right treatment
[1]. Models from mathematics and statistics are used to
analyses mortality patterns, forecast future instances,
and create intervention strategies. In contrast to the
traditional Weibull and exponential reliability models,
Polito [2] proposed alternative distributions that could
better capture survival and failure rates in medical
settings.

The Weibull distribution is extensively used in survival
analysis and reliability modelling across several disciplines,
including as medicine, engineering, and epidemiology.
Gupta and Kundu [3] analyzed the distinctions between
the Weibull distributions and generalized exponential
distributions, emphasizing the significance of selecting
a suitable model according to the data's properties. The
Weibull model has been effectively used in mortality
modelling for newborn mortality [4] and childhood
leukaemia [5]. Muirigui used the parametric Weibull
distribution to describe the transmission dynamics of HIV/
AIDS, illustrating its appropriateness for examining illness
development.

Aliu and Manga [6] compared Bayesian estimation
of normal Weibull distributions with other probability
models, emphasizing the effectiveness of Weibull-based
approaches. Imran, et al. [7] enhanced the Weibull
model for use in medical and actuarial sciences, hence
increasing its relevance to various mortality and reliability
assessments.

Maternal mortality in Sudan is very high, particularly
in the Red Sea State. Authorities are encountering
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difficulties in identifying and addressing the underlying
causes owing to socio-economic and infrastructural
limitations. Ignorance and poverty, particularly in rural and
isolated regions, lead to insufficient prenatal monitoring.
The deficiency of medical staff and healthcare facilities
intensifies the issue. A survey of maternal mortality rates
conducted by the Sudanese Ministry of Health from 1990
to 2009 found that the rate in eastern Sudan (Red Sea,
Kassala and Gedaref states) was among the highest in the
country. The 2010 Sudan Family Health Survey found that
difficulties during birth made the death rate for mothers
in Sudan much higher.

Despite the alarming Figures, mathematics and
statistics have been little used to analyse maternal
mortality rates in the Red Sea State. This research seeks
to address this gap by using and comparing growth
models with maternal mortality data. This research will
use quarterly cumulative maternal mortality data from
2017 to 2023, using two nonlinear models: the negative
exponential model and the Weibull model. To assess
the models' alignment with the data, we use several
statistical tests, including the modified R2? coefficient,
Akaike Information Criterion (AIC), Bayesian Information
Criterion (BIC), and other metrics. The information will
clarify the changing patterns of maternal mortality in the
Red Sea State and provide objective measures for policy
adjustments and future predictions.

MATERIAL AND METHODS

Growth Models

This section reviews nonlinear models and explains
the formulas for estimating their parameters. By plotting
growth data, we noticed that growth rates did not
decrease regularly but increased to a maximum before
decreasing to zero. Most growth curves assume the
shape of the letter S. The following models were used in
this study [8].

Negative Exponential Model

The Negative Exponential model can be expressed as
follows [9-11].

Y, =0/(1-exp(-6,1)) 120 )

Because 6,,6,>0 represent the model parameters and
the value of y, changes with the change in the value of t,
if t=00 then y, =0 and when t->c means y, =8,. To clarify
the shape of the function, the first and second derivatives
of Eq (1) are as follows:
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We note that the second derivative is less than zero
and closer. t=w is to y=6,, The slope of the function is
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positive and increasing. By dividing equation (2) by y,, We
obtain:
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Thus, the rate of the new value at time t approaches
zero when t->w. To estimate the parameters of the
Negative Exponential model, we take the natural
logarithm of Eq (1) and obtain the following equation

[3].

In| 1-2 | = -0 (5)
91
After datermining the, initial estimate of the

-parameter EL, denoted by ElThe above equation can be
written as follows:

v, =In(l- gn = Op+e (6)

1

By solving the abcve equation, we obtain the
parameter's initial value. 2, denoted by*Z.

92* — _Zin—ly;ti

Zi:l ti

The initial estimates of the two parameters (6,*, 6,*),
in the first steps of Gauss-Newton. To achieve the best
estimators and minimize the sum of squared errors

Z; eiz at is:
zi":l e = ZL[ y,-6 (1—€xp(—¢9;t)ﬂ2 8)

The partial derivatives of the parameters were:

(7)
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Weibull Model

The Weibull model can be expressed in the following
form:

y,=0,—0,exp(0") t>0 (11)
Since theta sub1, theta sub2, theta sub3,4, represent

model parameters and take positive values , the value of

t changes with the change in the value of tIf t=0, When

it goes to infinity, it means y sub t goes to theta sub-1.
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To clarify the shape of the function, the first and second
derivatives of Eq (11) are obtained as follows [4,12].
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From the second derivative, when
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ot then 374 , by
substituting the value of t in equation No. (11), we get:

Y =Y. =0,-0, exp(-(6,-1)/6, ) (14)

Thus, the inflection point of the Weibull function is
(t,« ¥, . Dividing equation (8) by y, we obtain [5,13].
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The growth rate of a new value at the time t
approaches zero as t->wapproaches. From Eq (15), we
obtain.

h{ay'/a’} = —111[‘91 - 1] = In(6,6,) + (8, 1) In(t)
Y Y,

(16)

Starting Values of Parameters of Weibull
Model

We used the natural logarithm twice for the equation
to estimate the parameters of the Weibull model Eq. (11).
The following equation is obtained [13-16]:

In -h{%) ~1n6,+6,Int (17)
2

The initial estimate of the parameter 8,, denoted by
8,*, can be determined at the minimum value of t and
the value of the parameter 8,* is determined from the
following formula:

‘92* = 91* = Vint (18)

Where y, . represents the value of the coordinate of
the constant term when t=0, and equation (17) can be
expressed as follows:

y, =In —1n% =In6, +6,Int

2

(19)

cumulative maternal mortality in Red Sea state, Sudan...

Using the least-squares method (LS) of (19), the
initial estimates of the two parameters 6,, 6,, denoted by
0,*,0,* and can be obtained as follows:

YLD WL WY
-
ny (X
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L= (21)
n
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Using the values of the initial estimates of the
parameters (8,*, 8,%, 6,*, 8,*), the first steps of Gauss-
Newton to achieve the best estimators and make the sum
of the squares of the errors

2 no 2
e
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Methods to Estimate the Parameter of
Nonlinear Models

Nonlinear regression models are complicated and
interrelated, and the estimation of their parameters is
complex. There are several estimation methods, and we
will discuss them below.

Nonlinear Least Square Method

The nonlinear least-squares method is one of the most
essential and simplest methods for nonlinear regression
analysis. We assume that we have a nonlinear model [17-
19]:

v =f(t.O)+e

Since

(27)
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0=1(8,,0,,...0,)

Where:
y.;: The vector represents the response values.
f: represents the function of ti, 6.

€: represents a random error that is normally
distributed with zero mean p and constant variance °?
for all values of i. By using the nonlinear least-squares

method, the following amount can be minimized:

S(O)=1y-f(1,,0)] [y-f(t,,0)]

Using the Gauss-Newton method, 6_0=(0,0,,....0
). The initial values of the parameters are represented,
and after approximating this series using the Taylor series
expansion by eliminating the terms containing the partial
derivatives of the higher degree, we obtain [8].

(28)
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The parameters can then be estimated. B , or the
equation (30) is using the ordinary least squares method
through the following formula:

E(O) — (D/(O)D(O))DI(O) X* (32)

B"=0-0" (33)

The estimated values for B© be:

8" -0-0'

(34)
~()
From equation (33), we can obtain the value of —

represents the modified estimated values of Q at the
(0)

first iteration —  and is placed instead of the initial
~(2)

estimated value= , and so on. The modified estimates

can be rewritten as a-vectors in the following form:

~(r+1) ~(1)
0 =0 -8B (35)

The iterations continue until convergence is reached
between the two successive estimates (r) and (r + 1), such
that:

~(r+l) ~(r)
0 -0 |<y

Since y represents the minimal value. Note that S(0),
or each cycle of repetition and stopping according to the
following formula:

S(é“*”) = S(é“) (36)

Mathematical Equations of Criteria for
Model Selection

When dealing with several models, the question is how
to select the best from the competing models. Depending
on the model structure, many statistical criteria can be
used to choose the most appropriate model, such as [20-
23]: )

«  Adjusted coefficient of determination, adj

2 _[p2_ P n—1
Radj_(R n—lj(n—p—l) 37

Where
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n ~\2
Rz=1—zf—l(y‘_ff)2 (38)
(v
F-test
_ MSR _ SSR/p (39)

~ MSE SSE/n—p 1

Where SSR is the sum squared of regression, and SSE
is the sum squared of residuals (error), such that:

SSR=Y"(5,-») -2, (n-5)  @0)
SSE=Y" =" (3-7)

+ Akaike Information Criterion (AIC)

(41)

AIC=nIn(SSR/n)+2p  (42)

+ Bayesian Information Criterion (BIC)

BIC=nIn(SSR/n)+pln(n)  (43)
For AIC and BIC criteria, a smaller value indicates a
preferable model.

Date
2017(Q1)
2017(Q2)
2017(Q3)
2017(Q4)
2018(Q1)
2018(Q2)
2018(Q3)
2018(Q4)
2019(Q1)
2019(Q2)
2019(Q3)
2019(Q4)
2020(Q1)
2020(Q2)
2020(Q3)

)
)
)
)
)
)
)
)
)
)
)
)
)

Tab. 1. The cumulative number of
maternal mortality cases in Red Sea
State 2017-2023.

2020(Q4,
2021(Q1
2021(Q2
2021(Q3
2021(Q4
2022(Q1
2022(Q2
2022(Q3
2022(Q4
2023(Q1
2023(Q2
2023(Q3
2023(Q4

cumulative maternal mortality in Red Sea state, Sudan...

Goodness of Fit Criteria for Model

These indicate how well the model fits the actual
data, with small residual values indicating a model fit.
The most commonly used criteria are Mean Squared Error
(MSE), Root Mean Squared Error (RMSE), and Mean
Absolute error (MAE). These values are calculated as
follows [24,25]:

RMSE =+ SE—

(44)
— p f—
' :E:né;
Bais==—  (45)
2 le
MAE ==L (46)
n
Data

The study data represents the quarterly time series
of cumulative maternal mortality, as collected from the
Ministry of Health and Social Development - Statistics and
Information Office - Red Sea State in Port Sudan, based
on data from maternal mortality records for 2017-2023,
as shown in Tab. 1.

Fig. 1. shows the growth curve of maternal mortality
over the study period, similar to S.

Maternal Mortality
71
120
142
243
247
328
370
399
408
502
596
662
735
748
752
815
878
937

11001
11030
11038
11123
11206
11260
11388
11446
11462
11632
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Fig. 1. The cumulative num-
ber of maternal mortality vs.
time. 12000
10000
8000
6000
4000

2000

Maternal Mortality

RESULTS AND DISCUSSION

Starting Values of Parameters

For the Negative Exponential model, as explained
above, we choose 0, as the maximum cumulative maternal
mortality cases, so

~(0)
6 =11798 o .
-1 , and the estimation of eq (6) yields

£

v =0.163t

For the Weibull model, we choose 0, is chosen as in
the other models,

0" =9" =11798
(16) yields

, and the estimation of eq

¥y, ==5.513+0.260¢ s

0" = ¢—5.513=0.0040
—3 and

(Tab. 2.).

0" =260

Estimation of Parameters of Nonlinear
Models (Fig. 2.)

Negative exponential estimated model:

3, =5957931.010(1-exp(-0.000060t))

Weibull estimated model:

7, =1063525.7-1078503.149 exp(-462822.098t ")

Tab. 3. shows estimated parameters, standard errors,
and 95% confidence lower and upper intervals.

The fitted Weibull model's parameter estimations
are statistically significant at the 5% level, as the
confidence intervals of all model estimators exclude zero.
The estimation of several parameters in the Negative
Exponential model is insignificant. This indicates that the

Weibull model may better fit other models for describing
the number of maternal mortality cases in the Red Sea
station.

Model Selection Criteria

Tab. 4. shows the variance analysis results for the
two models. The F-ratio values show that both models
are statistically significant at the o = 1% level. When
comparing the results of the two models, the Weibull
model has the highest F-ratio, indicating that it was
selected over the data.

2
Tab. 5. shows additional criteria, including adj
, AIC and BIC support the above result. The Negative
2

Exponential models evaluated had ~ “/. The value is
smaller, 0.538, with the Weibull model having the most
outstanding value, 0.785, compared to the Negative
Exponential model. According to AIC and BIC, the Weibull
model has the lowest values of AIC 490.63 and 499.70
compared to the Negative Exponential model.

Goodness of Fit

Tab. 5. shows that the Weibull model provides
the most excellent fit, with the lowest RMSE, 1133.97,
compared to the Negative Exponential model. On the
other hand, the Weibull model had the lowest bias value,
0.7423, and the smallest MAE value, 528.72. The Weibull
model's projected maternal mortality cases closely match
the cumulative cases.

Forecasting

Maternal mortality is typically accompanied by several
random variables that cannot be measured or controlled.
Thus, forecasting the number of maternal mortalities will
not be completely accurate and will not provide the same
real numbers; the model will only estimate the number
of maternal deaths. Table 6 and Figure 3 illustrate the
quarterly cumulative confirmed maternal mortality in the
Red Sea State using the Weibull growth model. We expect
that the number of maternal mortalities in the Red Sea
State will rise at a rate ranging from 10904.4 to 134360
cases over the next four years (2024-2026). Thus, this will
provide reference information for competent authorities
(Fig. 3. and Tab. 6.).

Tab. 2. Starting values for studied Negative Exponential Weibull
growth models. Parameter 8, 8 8, 6, B, 8,
Initial 11798 0.163 11798 11798 0.0040 0.260
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Actual Data

Fig. 2. Fitting growth models
to the cumulative number of
maternal mortalities.

Weibull Neg.Exp.

14000
12000

10000
8000

6000

4000
2000

. 95% Confidence Interval
Tab. 3. Estimated results of Model Parameter Estimator Std. Error 2
the growth models under Lower Bound | Upper Bound
— 8, 5957931.01 3.548E+09 -7.288E+09 7.3E+09
Neg.Exp.
92 0.00006 0.038 -0.079 0.079
91 1063525.777 7.516E+12 1.551E+13 1.551E+13
92 1078503.149 7.516E+12 1.551E+13 1.551E+13
Weibull
93 462822.098 1943737.6 3548855.2 4474499.4
g A 4511 1.894 -8.42 -0.602
Tab. 4. ANOVA results for the Model Source Sum of Squares df Mean Squares F-ratio P-value
Regression 988514631.933 2 494257315.966
growth models under study. Neg.Exp 9 . 45.06%* 0.000
Residual 285220793.067 26 10970030.503
. Regression 1242874280.859 4 310718570.215
Weibull . 241.639** 0.000
Residual 30861144.141 24 1285881.006
Uncorrected Total | 1273735425.000 28
Corrected Total 746173692.107 27

** statistically significant at 1% level

Tab. 5. Results of criteria and Criteria Neg.Exp Weibull
goodness of fit for the growth RMSE 3312.10 1133.97
models under study. Bias 843.98 0.7423
MAE 2884.76 528.72
R? 0.618 0.959
RZ
2dj 0.538 0.785
AIC 501.04 490.63
BIC 506.37 493.21
F_ig- 3. Forecasts of _CumUIa' Forecasts = = = 95%lower Limit = = = 95%Upper Limit
tive maternal mortality cases
by the Weibull model. 160000
140000
-
-
120000 S
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Tab. 6. Forecasts of mater- |t |Date

nal mortality cases from the |30 |2024(Q1)

Weibull model. 31 |2024(Q2)
32 |2024(Q3)
33 2024(Q4)
34 2025(Q1)
35 |2025(Q2)
36 2025(Q3)
37 2025(Q4)
38 2026(Q1)
39 |2026(Q2)
40 |2026(Q3)
41  |2026(Q4)
42 12027(Q1)
43 |2027(Q2)
44 12027(Q3)
45 |2027(Q4)

To interpret the inflection point of the Weibull
model, which was the best fit for the present data than
the negative binomial model, apply Equation 14 to get:
(tinf.,9inf.)=(34, 23593.7). The time index (t=34) gives
the inflection point position when the growth rate is at
its maximum. At this time, the maximum growth rate is
(23593.7).

CONCLUSION

This study assessed Weibull and negative binomial
models in comparison to the maternal mortality models of
the Red Sea State. The Weibull model effectively depicted
the maternal mortality curve in the Red Sea State. The
goodness-of-fit criteria were evaluated to choose the ideal
model representing the curve for the quarterly cumulative
cases of maternal death. The conclusion was that the
Weibull model produced the most favorable outcomes.

2

The  “¥value was 0.785, the minimum bias value was
0.7423, the lowest RMSE was 1133.97, and the AIC was
490.63, in comparison to the Negative Binomial model.
Consequently, the quarterly total of maternal fatalities
in the Red Sea State may reach 48,453.5 after four
years (2027 Q4), with a 95% confidence range ranging
from 37,452.7 to 134,360. The current research models
and some metrics were estimated using the "Nonlinear
Regression” tool in Minitab-17, using the nonlinear least
squares approach and calculating the starting values
of the model parameters by the basic linear regression
equation.

Prospective Studies

This study offers a significant comparison between
the negative exponential model and the Weibull model
for cumulative maternal mortality; however, subsequent
research could employ fractional ordering models, as
recent studies indicate that fractional models afford

Forecasts 95% ClI

17231.6 (10904.4; 23559)
18702.3 (11577.4; 25827)
20251.6 (10361.4; 30142)
21881.4 (9560.7; 34202)
23593.7 (8098.5; 39089)
25390.5 (7750.3; 43031)
27273.9 (5446.1; 49102)
29245.7 (2064.9; 56427)
31308.2 (1478.5; 64095)
33463.2 (2164.9; 69091)
35712.9 (7804.4; 79230)
38059.3 (12953.3; 89072)
40504.5 (18448.2; 99457)
43050.5 (23932.2; 110033)
45699.5 (29545.6; 120945)
48453.5 (37452.7; 134360)

enhanced flexibility in depicting memory effects in
epidemiological data, whereas conventional growth
models depend on integer ordering dynamics [26-29].

Future studies may use fractional mathematical
modelling to analyses the impact of long-term memory on
maternal mortality trends. The lack of diverse intervention
options significantly constrains our research. Guma, et al.
[30] shown that mathematical modelling helps assess
infectious disease management strategies. Employing
this approach for maternal mortality assessment may
enhance the evaluation of initiatives designed to improve
prenatal care, mother health education, and emergency
response systems.

Future study should investigate stochastic changes in
maternal mortality to include exogenous shocks, such as
epidemics and natural disasters, along with inaccuracies
in the reporting of maternal deaths, as shown by Ali, et
al. [31-34].
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